A two-dimensional quadrupole topological insulator on a square lattice is a typical example of a higherorder topological insulator. It hosts an edge state localized near each of its 90 • corners at an energy E inside the band gap, where E is set equal to zero for simplicity. Although the appearance of an edge state has been shown in simple systems with only 90 • corners, it is uncertain whether a similar localized state can appear at E = 0 near a complicated edge consisting of multiple 90 • and 270 • corners. Here, we present a numerical method to determine the wavefunction of a zero-energy state localized near an arbitrary edge. This method enables us to show that one localized state appears at E = 0 if the edge consists of an odd number of corners. In contrast, the energy of localized states inevitably deviates from E = 0 if the edge includes an even number of corners.
Introduction
A two-dimensional topological insulator (i.e., quantum spin Hall insulator) hosts one-dimensional helical states at its edge, [1] [2] [3] [4] [5] whereas a three-dimensional topological insulator hosts two-dimensional helical states on its surface. [6] [7] [8] [9] That is, a d-dimensional topological insulator hosts (d − 1)-dimensional helical states at its boundary. These helical states appear as midgap states inside the energy gap of bulk states.
Recently, higher-order topological insulators have been proposed in Refs. 10 and 11 and have attracted considerable attention. [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] A two-dimensional secondorder topological insulator hosts zero-dimensional states at its corners, whereas a three-dimensional secondorder (third-order) topological insulator hosts zerodimensional (one-dimensional) states at its corners (edges). That is, a d-dimensional Dth-order topological insulator hosts (d − D)-dimensional states at its boundary, where 2 ≤ D ≤ d. These states also appear as midgap states.
We focus on a two-dimensional second-order topological insulator on a square lattice. This is referred to as a quadrupole topological insulator as it hosts zerodimensional states localized near four corners in a rectangular system. Hereafter, a zero-dimensional state is referred to as a corner state and its energy E is set equal to zero (i.e., E = 0). 28) Previously, the appearance of corner states has been shown in simple systems, such as the rectangular system with four 90 • corners. 10, 11) However, it is uncertain whether a similar localized state can appear at E = 0 near a complicated edge consisting of multiple 90 • and 270 • corners.
In this paper, we present a numerical method of determining the wavefunction of a zero-energy state localized near an arbitrary edge consisting of multiple 90 • and 270 • corners. As a byproduct, we find that a zero-energy state appears only when the number of corners is an odd integer. In other words, the energy of localized states inevitably deviates from E = 0 if the number of corners is an even integer. In the next section, we introduce a tight-binding model of quadrupole topological insulators on a square lattice, which possesses chiral symmetry. In Sect. 3, we present a numerical method of determining the wavefunction of a zero-energy state in semi-infinite systems and apply it to the simple case with one 90 • or 270 • corner. In Sect. 4, we determine the wavefunction of a zero-energy state in semi-infinite systems with multiple 90 • and 270 • corners. The last section is devoted to a summary and discussion. It is pointed out that our argument relies on the chiral symmetry.
Model
We introduce a tight-binding model for quadrupole topological insulators on a square lattice with lattice constant a, where the unit cell consists of four sites numbered by 1, 2, 3, and 4 as shown in Fig. 1(a) . Each unit cell is characterized by indices i and j respectively specifying its location in the x-and y-directions. The fourcomponent state vector for the (i, j)th unit cell is expressed as
where the subscript specifies the four sites. The Hamiltonian is given by H = H intra + H inter with 10, 11) 
with
As noted in Sect. 5, this model possesses chiral symmetry. The reference energy E, which coincides with the energy of corner states, is introduced for clarity of our argument and is set equal to zero later. The system described by the Hamiltonian is topologically nontrivial under the conditions of 10, 11) −λ
where λ x and λ y are assumed to be positive without loss of generality. The model can be regarded as a two-dimensional extension of the Su-Schrieffer-Heeger model. 29) For later convenience, we rewrite the Hamiltonian in terms of dual cells that are defined by shifting the original unit cells as shown in Fig. 1(b) . Each dual cell is characterized by indices l and m respectively specifying its location in the x-and y-directions. The four-component state vector for the (l, m)th dual cell is expressed as
The Hamiltonian is rewritten as H = H 0 + H 1 with
with 
Note that not every dual cell possesses four sites. If the (l, m)th dual cell contains a corner or line edge, the number of sites is smaller than four; thus, we need to modify the state vector ||l, m according to its structure. The dual cells with a corner or line edge are classified in twelve ways (see Fig. 2 ). A 270 • corner lacks one site; if the αth site is lacking, it is referred to as typeᾱ (α = 1, 2, 3, 4). A 90 • corner contains only one site; if the αth site is contained, it is referred to as type α (α = 1, 2, 3, 4). A line edge contains two sites aligned horizontally or vertically in the dual cell; if the αth and βth sites are contained, it is referred to as type αβ (αβ = 13, 14, 23, 24) .
If the (l, m)th dual cell contains the 270 • corner of typeᾱ, we eliminate ||l, m α in ||l, m and represent the resulting state vector as ||l, m ᾱ . We also represent the corresponding component of H 0 as Hᾱ 0 . In the case of type1 located at (l, m) = (6, 3) in Fig. 2 ,
If the (l, m)th dual cell contains the 90 • corner of type α, we retain only ||l, m α in ||l, m and represent the resulting state vector as ||l, m α . We also represent the corresponding component of H 0 as H α 0 . In the case of type 2 located at (l, m) = (1, 1) in Fig. 2 ,
with ||l, m 2 = ||l, m 2 . If the (l, m)th dual cell contains the line edge of type αβ, we retain ||l, m α and ||l, m β in ||l, m and represent the resulting state vector as ||l, m αβ . We also represent the corresponding com-ponent of H 0 as H αβ 0 . In the case of type 24 located at (l, m) = (2, 1) in Fig. 2 ,
We focus on corner states in the limit of no electron transfer in the unit cell (i.e., γ x = γ y = 0), in which the system is topologically nontrivial in accordance with Eq. (8). In this limit, each dual cell is completely disconnected from neighboring ones, so that electron states in a dual cell are fully described by the corresponding component of H 0 . Hence, we can easily obtain the wavefunction of various corner states, the energy of which is equal to E. If the (l, m)th dual cell contains the 90 • corner of type 2, the component of H 0 for this cell is given in Eq. (18) . The corner state is given by
indicating that it has a finite amplitude only at the second site in this cell. If the (l, m)th dual cell contains the 270 • corner of type1, the wavefunction is obtained by diagonalizing the component of H 0 for this cell given in Eq. (16) . The corner state is
This indicates that it has a finite amplitude only at the third and fourth sites in the dual cell. If the corner is of type3, the corner state is given by
Formulation and Simple Application
Setting E = 0, we hereafter consider only a zero-energy edge-localized state in semi-infinite systems. The case of a finite system is briefly considered in Sect. 5. We assume that the edge structure of a system consists of N corners, each of which is the 90 • or 270 • one, and that the corners are sequentially numbered along the edge. Let us introduce index ζ q to classify the type of qth corner (1 ≤ q ≤ N ) in the dual cell at (l q , m q ): ζ q = α if the corner is the 90 • one of type α and ζ q =ᾱ if the corner is the 270 • one of typeᾱ.
Let |ψ be a zero-energy eigenfunction of H 0 satisfying H 0 |ψ = 0. This is equivalent to saying that |ψ is an eigenfunction of H in the limit of γ x = γ y = 0. In this limit, the qth corner hosts a zero-energy corner state that is described by |ψ ζq lq,mq . Hence, |ψ is generally written as a superposition of the zero-energy corner states:
where {f q } is a set of arbitrary constants. Starting from |ψ , we attempt to describe a zero-energy edge localized state in the case of γ x = 0 and γ y = 0. Our attention is focused on the question of whether an edge localized state can appear at zero energy even when γ x = 0 and γ y = 0. To answer this, we use the fact that a zero-energy
where δ is an infinitesimal. If this series converges in the limit of δ → 0 for a given {f q }, the resulting function satisfies the eigenvalue equation of H|Ψ = 0. That is, |Ψ is the eigenfunction of H representing a zero-energy edge localized state. Note that (−H 0 + iδ) −1 H 1 induces various hopping processes of an electron as shown in Fig. 3 .
We clarify the singularity of (−H 0 + iδ) −1 , which is directly related to the zero-energy corner states in the limit of γ x = γ y = 0, using the following expression:
where Λ = (−h 0 + iδ) −1 . Remember that the number of sites in a dual cell is smaller than four if the cell contains a corner or line edge. Therefore, the explicit form of Λ depends on whether the dual cell contains a corner or line edge. In the absence of both a corner and a line edge, Λ is given by
If the (l, m)th dual cell contains a line edge of type αβ, we need to replace ||l, m with ||l, m αβ and Λ with Λ αβ in Eq. (27) , where Λ αβ takes the effect of the line edge into account. The four Λ αβ are given by
In the above expressions, iδ can be safely ignored. If the (l, m)th dual cell contains the 270 • corner of typeᾱ, we need to replace ||l, m with ||l, m ᾱ and Λ with Λᾱ, where Λᾱ takes the effect of the 270 • corner into account. The four Λᾱ are given by
Finally, if the (l, m)th dual cell contains the 90 • corner of type α, we need to replace ||l, m with ||l, m α and Λ with
Note that Λ α and Λᾱ are singular at the sites where the corresponding zero-energy corner state has a finite amplitude. For example, Λ 2 is singular at the second site [see Eq. (21)] and Λ1 is singular at the third and fourth sites [see Eq. (22)]. These sites are referred to as singular sites. In addition, a dual cell with one or two singular sites is referred to as a singular cell. We apply the method to the case of N = 1, in which the semi-infinite system includes only one 90 • or 270 • corner. Since no singular terms appear in |Ψ in this case, we are allowed to ignore the singularity involved in (−H 0 + iδ) −1 . In the remainder of this section, we use the unit cell representation. Let us determine the wavefunction of a zero-energy corner state in the system with the 90 • corner of type 2 [see Fig. 4(a) ], for which |ψ in Eq. (26) is identified as
Substituting this into Eq. (26), we perturbatively obtain |Ψ term by term and find where c is the normalization constant. We next determine the wavefunction of a zero-energy corner state in the system with the 270 • corner of typē 1 [see Fig. 4(b) ], for which |ψ is identified as
Substituting this into Eq. (26), we observe that |Ψ is represented in the from of
where c i,j = d i,j = 0 if i ≤ 0 and j ≤ 0. As the perturbative determination of |Ψ is not easy in this case, we numerically calculate c i,j and d i,j . Figure 5 shows the resulting c i,j and d i,j multiplied by (−1) i+j−1 [i.e., (−1) i+j−1 c i,j and (−1) i+j−1 d i,j ]. Here and hereafter, the parameters are set as γ x /λ x = 0.8, γ y /λ y = 0.6, and λ y /λ x = 1.2 in numerical calculations.
Application to Multicorner Cases
Let us consider the semi-infinite system with N corners characterized by {ζ q } and {(l q , m q )} with 1 ≤ q ≤ N [see Figs. 6(a) and 6(b) as examples]. The wavefunction for a zero-energy edge localized state is obtained if |Ψ defined in Eq. (26) converges in the limit of δ → 0 for a given set of {f q }. Here, we show that a zero-energy state exists only when N is an odd integer.
To do so, it is convenient to decompose |ψ as |ψ = |ψ odd + |ψ even with
|ψ even = neven n=1 f 2n |ψ ζ2n l2n,m2n .
In the odd case of N = 2n c − 1 with n c being a positive integer, n odd = n c and n even = n c − 1, whereas n odd = n even = n c in the even case of N = 2n c . We next define |Ψ odd and |Ψ even as
It is important to point out that |Ψ odd and |Ψ even possess singular terms in different sets of singular cells: the singular terms of |Ψ odd appear in the singular cells, related to |ψ even , at (l 2n ′ , m 2n ′ ) with 1 ≤ n ′ ≤ n even and those of |Ψ even appear in the singular cells, related to |ψ odd , at (l 2n ′ −1 , m 2n ′ −1 ) with 1 ≤ n ′ ≤ n odd . This statement is justified by operating on |ψ odd and |ψ even with (−H 0 + iδ) −1 H 1 in a successive manner. Two examples are given in the last part of this section. When N = 2n c − 1, the singular terms of |Ψ odd appear in the n c − 1 singular cells, whereas |Ψ odd consists of the n c undetermined coefficients. Hence, the singular terms of |Ψ odd can be canceled out by determining {f 2n−1 } in an appropriate manner. Note that only one solution exists. In contrast, the singular terms of |Ψ even appear in the n c singular cells, whereas |Ψ even consists of the n c − 1 undetermined coefficients. Hence, the singular terms of |Ψ even cannot be canceled out, indicating that |Ψ converges only when |Ψ even = 0 (i.e., f 2n = 0 for 1 ≤ n ≤ n c − 1). That is, we can obtain a converged solution at zero energy by determining {f 2n−1 } under the condition of f 2n = 0 for 1 ≤ n ≤ n c − 1. A similar consideration shows that |Ψ cannot converge if N = 2n c . In summary, a zero-energy state exists only in the odd case with N = 2n c − 1. Now, we present a simple method of determining {f q } for the case of N = 2n c −1 under the condition of f 2n = 0 for 1 ≤ n ≤ n c − 1. This method, referred to as the simplified method, is based on the fact that the convergence of |Ψ in the limit of δ → 0 is equivalent to requiring that |Ψ satisfies the eigenvalue equation in the singular cells (see Appendix). As the first step, we numerically obtain |Ψ reg 2n−1 defined by
where [· · · ] reg indicates that the singular terms with respect to (iδ) −1 are completely removed. The general so- lution is written as
This does not satisfy the eigenvalue equation in the singular cells at (l 2n ′ , m 2n ′ ) with 1 ≤ n ′ ≤ n c − 1 (see Appendix). Using the numerical result of |Ψ reg 2n−1 with 1 ≤ n ≤ n c , we can determine {f 2n−1 } such that |Ψ satisfies the eigenvalue equation in the singular cells denoted above. The solution is the wavefunction of a zero-energy edge localized state.
Let us apply the simplified method to the three-corner case as shown in Fig. 6(a) . In the unit cell representation, |ψ odd and |ψ even are given by
If (−H 0 + iδ) −1 H 1 successively operates on |ψ even , the singular terms appear at the third and fourth sites in the unit cells at (i, j) = (1, 5) and (0, 6) and those in the unit cells at (i, j) = (8, 0) and (7, 1), respectively. These singular terms do not disappear as long as f 2 = 0, indicating that f 2 = 0 is a necessary condition for obtaining a zero-energy wavefunction. If (−H 0 +iδ) −1 H 1 successively operates on |ψ odd , singular terms appear at the second site in the unit cell at (i, j) = (1, 1). These terms can be canceled out if f 1 and f 3 are determined in an appropriate manner. We numerically obtain |Ψ reg 1 and |Ψ reg 3 defined in Eq. (44), in terms of which the general solution is given by
According to the simplified method, the wavefunction at zero energy is obtained by determining f 1 and f 3 such that |Ψ satisfies the eigenvalue equation at the second site in the unit cell at (i, j) = (1, 1). In this case, |Ψ is expressed in the form of Eq. (39). Figure 7 shows the resulting (−1) i+j c i,j and (−1) i+j d i,j . Let us turn to the five-corner case as shown in Fig. 8 . (Color online) Zero-energy wavefunction for the semiinfinite system with five corners as shown in Fig. 6(b) , where dashed lines (blue) and solid lines (green) respectively represent (−1) i+j−1 a i,j and (−1) i+j b i,j . Fig. 6(b) . In the unit cell representation, |ψ odd and |ψ even are written as
|ψ even = f 2 |4,
If (−H 0 + iδ) −1 H 1 successively operates on |ψ even , the singular terms appear at the second sites in the unit cells at (i, j) = (1, 1) and (11, 1) and the first and second sites in the unit cells at (i, j) = (4, 6) and (5, 7) , respectively. These singular terms disappear only when f 2 = f 4 = 0.
If (−H 0 + iδ) −1 H 1 successively operates on |ψ odd , the singular terms appear at the fourth site in the unit cell at (i, j) = (4, 1) and the third and fourth sites in the unit cells at (i, j) = (11, 6) and (10, 7), respectively. These singular terms can be canceled out if f 1 , f 3 , and f 5 are determined in an appropriate manner. We numerically obtain |Ψ reg 1 , |Ψ reg 3 , and |Ψ reg 5 , in terms of which the general solution is given by
According to the simplified method, the wavefunction at zero energy is obtained by determining f 1 , f 3 , and f 5 such that |Ψ satisfies the eigenvalue equation at the fourth site in the unit cell at (i, j) = (4, 1) and the third and fourth sites in the unit cells at (i, j) = (11, 6) and (10, 7), respectively [see Eqs. (A·3) and (A·4)]. In this case, |Ψ is expressed in the form of
(52) Figure 8 shows the resulting (−1) i+j−1 a i,j and (−1) i+j b i,j .
Summary and Discussion
We presented a numerical method of determining the wavefunction of a zero-energy state localized near an arbitrary edge in quadrupole topological insulators. Applying it to several cases, we showed that this method is practically useful in determining the wavefunction of a zero-energy state.
As a byproduct of the method, we found that one localized state appears at E = 0 if the edge consists of an odd number of corners, whereas the energy of localized states inevitably deviates from E = 0 if the edge includes an even number of corners. This feature is explained on the basis of the chiral symmetry of the model Hamiltonian:
with Γ = σ z ⊗ σ 0 , where σ z and σ 0 are respectively the z-component of Pauli matrices and the 2 × 2 unit matrix. This symmetry ensures that except at zero energy, edge localized states appear inside the band gap in pairs: if one state has energy ǫ, the other has energy −ǫ. Note that if the edge consists of N corners, the number of zero-energy corner states is equal to N in the limit of γ x = γ y = 0, indicating that N midgap states appear when γ x = 0 and γ y = 0. Combining this with the paired nature of edge localized states, we conclude that one state must appear at E = 0 if N is an odd integer, whereas no state appears at E = 0 if N is an even integer. This is consistent with the observation given in Sect. 4. As explained above, our method relies on the chiral symmetry ensuring the existence of a zero-energy state unless N is an even integer. In other words, it is not applicable to a model system in which the energy of a corner state varies if a relevant parameter of the system is changed. Our method requires the chiral symmetry, or an alternative condition, in addition to reflection symmetry 10, 11) that guarantees the presence of a corner state.
Let us finally consider the applicability of our method to a finite system with multiple 90 • and 270 • corners. Strictly speaking, the method cannot be applied to a finite system as it inevitably includes an even number of corners. That is, an edge localized state in a finite system has a nonzero energy. However, if the energy is very close to zero, we can apply the method to obtain an approximate wavefunction. For example, if the entire edge of a finite system can be decomposed into several local edge structures and one of them is sufficiently separated from the others, we can apply the method to the separated edge structure if the number of corners in it is an odd integer.
converges in the limit of δ → 0. Under this assumption, no singular term appears if (−H 0 + iδ) −1 H 1 operates on |Ψ . Focusing on terms that are directly related to the singular sites indicated above, we write |Ψ as |Ψ = a 4,1 |4, 1 1 + b 4,1 |4, 1 2 + a 10,7 |10, 7 1 + b 10,7 |10, 7 2 + a 11,6 |11, 6 1 + b 11,6 |11, 6 2 + b 11,7 |11, 7 2 + · · · .
(A·1)
If (−H 0 + iδ) −1 H 1 operates on |Ψ , the singular terms seemingly appear at the singular sites as 
which are combined to give Eq. (A·4). Although this argument is based on a particular case, the conclusion is general; the vanishing of singular terms is equivalent to ensuring the eigenvalue equation at the singular sites.
